ON THE DIHEDRAL EULER CHARACTERISTICS OF SELMER 
GROUPS OF ABELIAN VARIETIES 
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Abstract. We use the framework of Euler characteristics to study Selmer 
groups of abelian varieties in certain dihedral or anticyclotomic extensions of 
CM fields via Iwasawa main conjectures. When the Selmer group is cotorsion 
with respect to the associated Iwasawa algebra, we obtain the usual formula 
predicted by the refined conjecture of Birch-Swinnerton-Dycr and Tate via 
standard techniques. When the Selmer group is not cotorsion with respect 
to the associated Iwasawa algebra, we give a conjectural description of the 
Euler characteristic of the cotorsion submodule following works of Perrin-Riou 
and Howard. Finally, assuming two-variable main conjectures or more general 
main conjectures of two-variable type, we deduce some special cases of this 
conjecture, as well as some results towards the refined conjecture of Birch- 
Swinnerton-Dyer and Tate. 
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1. Introduction 

Fix a prime number p. Let G be a compact p-adic Lie group without p-torsion. 
Writing O to denote the ring of integers of some fixed finite extension of Q p , let 

A(G) = \imO[G/U] 

u 

denote the O-Iwasawa algebra of G. Here, the projective limit runs over all open 
normal subgroups U of G, and 0[G/U] denotes the usual group ring of G/U with 
coeffiecients in O. Let M be any discrete, cofinitely generated A(G)-module. If the 
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homology groups Hi(G,M) are finite for all integers i > 0, then we say that the 
G-Euler characteristic x(G, M) of M is well defined, and given by the (finite) value 

X (G,M) = JJ|fl < (G,M)|(- 1 ) < . 

If G is topologically isomorphic to for some integer 5 > 1, then a clearer pic- 
ture of this Euler characteristic x(G, M) emerges. In particular, a classical result 
shows that x(G, M) is well defined if and only if Hq(G,M) is finite. Moreover, if 
M in this setting is a pseudonull A(G)-module, then x(G, M) = 1. Now, the struc- 
ture theory of finitely generated torsion A(G)-modules shown in Bourbaki [4] also 
gives the following Iwasawa theoretic picture of the G- Euler characteristic x(G, M). 
That is, suppose M is a discrete, cofinitely generated A(G)-cotorsion module. Let 
A/ v = Hom(Af, Qp/Zp) denote the Pontragin dual of M, which has the structure 
of a compact A(G)-module. Then, there exists a finite collection of non-zero ele- 
ments fx, . , . , f r £ A(G), along with a pseudonull A(G)-module D v , such that the 
following sequence is exact: 

r 

A(G)//, A(G) — > Af v — > D v — > 0. 

»=i 

The product 

r 

char(M v ) = char A(G) (M v ) = [] 

is unique up to unit in A(G), and defines the A(G)- characteristic power series of 
M v . If the homology group Hq(G,M) is finite, then the G-Euler characteristics 
x(G, M) and x(G, D) are both well defined, and given by the formulae 

X{G,M) = | char(M v )(0)|p 1 
X (G,D) = 1. 

Here, char(M v )(0) denotes the image of the characteristic power series char(M v ) 
under the natural map A(G) — > Z p , and D the discrete dual of D v . 

We use this framework of Euler characteristics to study the Selmer groups of 
principally polarized abelian varieties in certain abelian extensions of CM fields. In 
particular, we use this framework to verify certain aspects of the refined conjecture 
of Birch-Swinnerton-Dyer and Tate via the associated Iwasawa main conjectures. 
To be more precise, let A be a principally polarized abelian variety defined over a 
totally real number field F. Fix a prime p above p in F. Let if be a totally imagi- 
nary quadratic extension of F. Assume that A has good ordinary reduction at each 
prime above p in K. Let denote the dihedral or anticyclotomic Z^-extension 
of K, where S = [F p : Q p ]. This p-adic Lie extension, whose construction we re- 
call below, factors through the tower of ring class fields of p-power conductor over 
K. Let G denote the Galois group Gal(Kpoo/K), which is topologically isomorphic 
to Z*. Let Sel(A/ Kp°°) denote the p°°-Selmer group of A over K p oa. Hence by 
definition, 

Sel(A/A' p oo) = limSel(A/i), 

L 



DIHEDRAL EULER CHARACTERISTICS OF SELMER GROUPS OF ABELIAN VARIETIES 3 



where the inductive limit ranges over all Unite extensions L of K contained in Kp°o 
of the classically defined Selmer groups 

$e\(A/L) = ker ( H\G S (L), A p ~ ) — ► J V (L) J . 

V ves / 

Here, S is any (fixed) finite set of primes of K that includes both the primes 
above p and the primes where A has bad reduction. We write K s to denote the 
maximal Galois extension of K unramified outside of S and the archimedean places 
of K, with Gs{L) the Galois group Gal(K /L). We write A p oa to denote the 
collection of all p-power torsion of A over the relevant extension of K in K , i.e. 
A p =o = U„>o ^p™ wrtri A>" = ker([p"] : A — > A), which is very standard notation. 
In general however, given an abelian group B, we write B{p) to denote its p-primary 
component. We then define 

J v (L)=($)H 1 (L w ,A(L w ))(p), 

w I V 

where the sum runs over primes w above v in L. Note that each Selmer group 
Se\(A/L) fits into the usual short exact descent sequence 

— > A(L) <g> Qp/Z p — > Sel(A/X) — > m(A/L)(p) — > 0, 

where A(L) denotes the Mordell-Weil group of A over L, and UI(A/L)(p) the 
p-primary part of the Tate-Shafarevich group 1H(A/L) of A over L. Now, the 
p°°-Selmer group Se^A/Kp^) has the structure of a discrete, cofinitely generated 
A(G)-module. It is very often (but not always) the case that Se\(A/ _Kp°o) is A(G)- 
cotorsion. Let us first consider this case. This setting is generally known as the 
definite case in the literature, for reasons that we do not dwell on hereQ In any 
case, the conjecture of Birch-Swinnerton-Dyer and Tate predicts that the Hasse- 
Weil L-function L(A/K,s) has an analytic continuation to s = 1, with order of 
vanishing at s = 1 given by the rank of the Mordell-Weil group A(K). The refined 
conjecture predicts that Tate-Shafarevich group U1(A/K) is finite, and moreover 
that the leading coefficient of L(A/K, s) at s = 1 is given by the formula 

(1) mA/K)\.Re e (A/K). m jK^^ JJ f | w , . JJ 2 , wAE , 



\A(K) tOTS \-\At{K) toia \-\D\^^ Ja(k v) t\Z Ja(k« 



Here, Heg(A/ K) denotes the regulator of A over K, i.e. the determinant of the 
canonical height pairing on a basis of A{K) / A{K)% om , <&(A/K) denotes the product 

$(a/k) = n c v 

where c v = c v (A) = \A(K V ) : Aq(K v )] is the local Tamagawa factor of A at a finite 
prime v of to — uia & fixed nonzero global exterior form (an invariant differential 
if A is an elliptic curve), and w* = ui* A v the Neron differential at v. Moreover, 



^Roughly, when A/F is a modular abelian variety, the associated Hasse-Weil L-function 
L(A/K, s) has an analytic continuation a product of Rankin-Selberg L-functions of cuspidal eigen- 
forms on some totally definite quaternion algebra over F, and this in particular can be used to 
deduce that the root number of L(A/K, s) is equal to 1 (as opposed to —1). We refer the reader 
to the works of Bcrtolini-Darmon 3 , Pollack- Weston 34, Nekovar |27l . Fouquet |13| . Longo |30| 
or the author 1451 for some of the many known Iwasawa theoretic results in this direction. 
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A* denotes the dual abelian variety associated to A, and D = Dk the absolute 
discriminant of K. We refer the reader to the article of Tate [43] for details^ 
We consider a p-adic analogue of this formula (JT]). Namely, let A(n v ) denote the 
reduction of A at a finite prime v of K. Write A(K)(p) to denote the p-primary 
component of A(K), and A{n v )(p) that of A(k v ). We first establish the following 
result, using standard techniques. 

Theorem 1.1 (Theorem 15.141) . Assume that A is a principally polarized abelian 
variety having good ordinary reduction at each prime above p in K . Assume ad- 
ditionally that the p°° -Selmer group Se\(A/K) is finite. If the p°° -Selmer group 
Se\(A/ Kp=o) is A(G)-cotorsion, then the G-Euler characteristic x(G,Sel(A/ K v <x,)) 
is well defined, and given by the formula 

(2) X (G,Sel(A/K p ~)) = ' U \Mn v ){p)\ 2 . 

v\p 

This result has many antecedents in the literature (cf. for instance [6], [8], 
or [49]), though the setting of dihedral extensions considered here differs greatly 
from the cyclotomic or single- variable settings typically considered in these works. 
The reader will notice for instance the absence of local Tamagawa factors in the 
formula ©. We explain this absence below. However, let us first examine the 
complementary setting where the p°°-Selmcr group Scl(A/ Kp^ ) is not expected 
to be A(G)-cotorsion. This setting is generally known as the indefinite case in 
the literature, for reasons that we likewise do not dwell on here0 To fix ideas, 
let us assume the so-called weak Heegner hypothesis that x(N) = (— where 
X denotes the quadratic character associated to K/F, N the arithmetic conduc- 
tor of A, and d = [F : Q] the degree of F. This condition ensures that the 
abelian variety A comes equipped with families of Heegner or CM points defined 
over ring class extensions of K. We refer the reader to [20 or the discussion below 
for details. Let us first consider the issue of describing the G-Euler characteris- 
tic of the A(G)-cotorsion submodule Sel(A/i<' p =o) co tors of Sel(A/i"Tpoo), following 
the conjecture of Perrin-Riou [31] and Howard [20]. To state this version of the 
Iwasawa main conjecture, let us write ©oo = &(A/Kpaa) denote the compactified 
p°°-Sehner group of A in , which has the structure of a compact A(G)-module. 
Let i5oo denote the A(G)-submodule of ©oo generated by the images of Heegner 
points of p-power conductor under the appropriate norm homomorphisms. We re- 
fer the reader to [19] or to the passage below for more details of this construction. 
It is often known and generally expected to be the case that the A(G)-modules 
©oo and i^oo are torsionfree of rank one, in which case the quotient ©oo/^3c» has 
A(G)-rank zero. Hence in this setting, the quotient ©oo/^loo is a torsion A(G)- 
module, so has a well defined A(G)-characteristic power series char(@oo/-f)oo)- Let 
char(©oo/-5oo)* denote the image of char(© 00 /.f)oo) under the involution of A(G) 



2 The reader will note that we have included extraneous real places in the formula (I) above, 
i.e. as K here is totally imaginary. 

■^Roughly (as before), in the setting where A is a modular abelian variety defined over F, the 
Hasse-Weil L-function L(A/K,s) has an analytic continuation given by the product of Rankin- 
Selberg L-functions of cuspidal eigenforms on some totally indefinite quaternion algebra over F 
(where indefinite here means ramified at all but one real place of F), and this in particular can be 
used to deduce that the root number of L(A/K, s) is equal to —1 (as opposed to 1). We refer the 
reader to the excellent paper of Howard 1201 for an account of the Iwasawa theory in this setting. 
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induced by inversion in G. Given an integer n > 0, let K [p n ] denote the ring class 
field of conductor p™ over K, with Galois group G[p n ]. Write -ftT[p°°] = U„>o K [P"} 
to denote the union of all ring class extensions of p-power conductor, with Galois 
group G[p°°] = Gal(K[p°°]/K) = hm^Gfc"]. Recall that we let denote the 
dihedral or anticyclotomic Z^-extension of K, with Galois group G. Let us write 
G = Km Gpn, where G p n = Gal(Kpn/K). Let Kn denote the Artin symbol of 

J>„ = (VdOk) H P ". Here, D = Dk denotes the absolute discriminant of K, and 
O p ™ the Of-order of conductor p" in K, i.e. O p ™ = O f + p n O K - Let £ = Urn^ £n. 
Let ( , ) A,K[p n ] denote the p-adic height pairing 

\ ) )A,K\p"] 

: A\K\p n \) x A(K[p n \) — > Q p , 

defined for instance in Howard [THl (9), §3.3] or Perrin-Riou [33]. Let us now assume 
for simplicity that A is principally polarized. There exists by a construction of 
Perrin-Riou |31) (see also [3 3) ) a p-adic height pairing 

f)„ : 6(A/K p „) x 6(A/K pn ) — ► c -% 

whose restriction to the image of the Kummer map <£> Z p -> &{E/K [p n ]) 

coincides with the pairing ( , ) A,K[p n ] after identifying A* = A in the canonical way 
(cf. [HJ Proposition 0.0.4]). Here, c G Z p is some integer that does not depend on 
the choice of n. Following Perrin-Riou [3T] and Howard [TH], these pairings can be 
used to construct a pairing 

boo : 6oo x 6oo — > cT%[[C7]] 

(bjna„,hmfo„) i — ► hjm 2J f)n( a «, K) ' °- 

" " crEG p n 

We then define the p-adic regulator 1Z — 1Z(A/ K p ^) to be the image of ©oo in 
c _1 Zp[[G]] under this pairing fjoo. Let e denote the natural projection 

e : Zp[[G[p°°]]] — ► Zp[[G]]. 

We make the following conjecture in the style of Perrin-Riou [31] (see also Howard 
PS] and [20]). 

Conjecture 1.2 (Conjecture 16. 1|) . Lei A be a principally polarized abelian variety 
defined over F having good ordinary reduction at each prime above p in K . As- 
sume that A satisfies the weak-Heegner hypothesis with respect to N and K . Then, 
the G-Euler characteristic x(G, Sel(.A/_Kpoo) cotors ) is well defined, and given by the 
formula 

X (G,Sel(A/i^) cotors ) = |char(6 oo /^ oo )(0) •char(6 00 /io 00 )*(0) -^(O)!; 1 . 

Here, 9\ denotes the ideal (e(.£)) -1 7£ 7 which lies in the Zi p -Iwasawa algebra Z p [[G]]. 

We refer the reader to the divisibility proved in Howard [201 Theorem B] for re- 
sults towards this conjecture. We establish the following unconditional result in the 
setting where A is an elliptic curve defined over the totally real field Q. Hence, A is 
modular by fundamental work of Wiles [15], Taylor- Wiles [33], and Breuil-Conrad- 
Diamond- Taylor [5]. Let / £ S2(To(N)) denote the cuspidal newform of level N 
associated to A by modularity. Let if(/Lt p <x>) denote the extension obtained from K 
by adjoining all p-power roots of unity, with Galois group F = Gal(K(p p °c)/K ). 
Hence, T is topologically isomorphic to Z p . Let £/ denote the two- variable p-adic 
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L-function constructed by Hida 16 and Perrin-Riou [31] . which lies in the Z p - 
Iwasawa algebra Z p [[G[p°°] x T}), as explained in the proof of [46j Theorem 2.9]. 
Fixing a topological generator 7 of T, we write the expansion of Cf in the cyclotomic 
variable 7 — 1 as 

(3) C f = C ft0 + £/,i( 7 - 1) + £/, 2 (7 " I) 2 + • ■ • , 

with C f.i € Z p [[G[p°°]]] for each i > 0. If we assume the so-called Heegner hypothesis 
that each prime dividing TV splits in K, then root number of the Hasse-Weil L- 
function L(A/K, s) equals —1, which forces the leading term Cf^ in ([3]) to vanish. 
Let A(G) denote the Z p -Iwasawa algebra Z P [[G]]. We deduce the following result 
from the A(G)-adic Gross-Zagier theorem of Howard [19j Theorem B] with the 
two-variable main conjecture shown in Skinner-Urban [421 Theorem 3] and the 
integrality of the two- variable p-adic L-function C / . 

Theorem 1.3 (Theorem I6.5[) . Let A be an elliptic curve defined over Q 7 associ- 
ated by modularity to a newform f £ S2{^o{N)). Assume that A has good ordi- 
nary reduction at p, that each prime dividing N splits in K, and that (p, D) = 1. 
Assume that D is odd and not equal to —3. Assume additionally that the abso- 
lute Galois group Gk = Gal(K/K) surjects onto the Z p - automorphisms ofT p (A), 
that x(p) = 1; that p does not divide the class number of K , and (for simplicity) 
that p > 11. Then, granted that it is well defined, the G-Euler characteristic of 
x(G,Sel(A/ 'K p oo) cotoTS ) is given by 

X (G,Se\ p ~(A/K p ~) 

cotors ) — 

= |e(J?-log p ( 7 ))" 1 () oo (J oo ,i oo )(0)| p 1 

= |char(6 oo /i3 oo )(0) • char(6 oo /i5 0O )*(Q) • ^(O)^ 1 . 

Here, log p is the p-adic logarithm ( composed with a fixed isomorphism T = Z^ ), 
Xoa is a generator of Sjoo constructed from a compatible sequence of regularized 
Heegner points (described below), and 9\ is the ideal {e(M. ■ log p (7)) _1 7?. € A(G). 
Moreover, these formulae for x(G, Se\(A/ K p <x> ) cot0 rs) do not depend on the choice 
of topological generator 7 G T. 

Though the hypotheses are very restrictive, this result is rather revealing. For 
instance, it links the nonvanishing of the linear term Lf.\ in the two- variable p- 
adic L-function Cf to the nondegeneracy of Perrin-Riou's height pairing f)^ and 
the p-adic regulator TZ. It would be an interesting problem to extend the relevant 
constructions of Perrin-Riou [21] , [35] , Howard QI5] and Hida [TB] , Q2] to the more 
general setting, though we do not attempt this difficult-looking problem here. 

We now relate these results to the cyclotomic setting in the following way. Let 
us return to the general setup introduced above, with F a totally real field, and K 
a totally imaginary quadratic extension of F. Let us now write K cyc to denote the 
cyclotomic Z p -extension of K, with Galois group T = G&\(K cyc / K). Hence, T is 
topologically isomorphic to Z p , which is a change from the notation used above. Let 
Koo denote the compositum extension K p ^K cyc , with Galois group fl = (Koo/K). 
Hence, f2 is topologically isomorphic to Z p +1 , where S — [F p : Q p ]. Fix a principally 
polarized abelian variety A defined over F having good ordinary reduction at each 
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prime above p in K. Let us for simplicity write rj(A/K) to denote the quantity 

\m(A/K)(p)\-l\ vlp \A(K v )(p)\i 
U \A(K)(p)\*-YlM P 

We start with the following result, which can be deduced from standard compu- 
tations of Euler characteristics of Selmer groups of elliptic curves in cyclotomic 
Zp-extensions (see for instance Coates-Sujatha [8] or Greenberg [14]) , as well as 
computations for Selmer groups of elliptic curves in various p-adic Lie extensions 
of K that contain the cyclotomic Z p -extension K cyc (see for instance Coates [6], 
Coates-Schneider-Sujatha [9] or Zerbes [49]). 

Theorem 1.4 (Theorem 17. 1[ Proposition I7.2[) . Let A be a principally polarized 
abelian variety defined over F having good ordinary reduction at each prime above p 
in K . Assume that the p°° -Selmer group Sel(A/ K cyc ) is A(T)-cotorsion, and more- 
over that the p°° -Selmer group §e\(A/ K x ) is A(fl)-cotorsion. Then, the T-Euler 
characteristic x(r, Se\(A/K cyc )) and the fl-Euler characteristic X (£l, Se^A/Koo)) 
are both well defined, and given by the formula(e) 

xi^SdiA/K^)) = x (T,Se\(A/K cyc )) = V (A/K). 

Moreover, the G-Euler characteristic x(G,Sel(A/ Kp<x>)) is well defined, and given 
by the formula X (G, Se\(A/K p ~)) = 1. 

We then deduce from this the following consequences. To begin, we obtain from 
Theorem 15. 141 the following result. 

Theorem 1.5 (Corollary I7.3[) . Let A be a principally polarized abelian variety 
defined over F having good ordinary reduction at each prime above p in K . Assume 
that that p°° -Selmer group Scl(A/ K cyc ) is A(T)-cotorsion, and moreover that the 
p°° -Selmer group Se\(A/ K^) is A(fl)-cotorsion. Assume additionally that thep°°- 
Selmer group Sel(A/ K p <x,) is A(G)-cotorsion. Then, the G-Euler characteristic 
x(G,Sel(A/ Kp*e)) is well defined, and given by the formula(e) 

X (g, sei(A/;t») = n = ^k)^ ■ n i^hp)! 2 = L 

Thus, when the fl-Euler characteristic x(^? Sel(A/ifoo)) is well defined, the cardi- 
nality of the p-primary part of the Tate-Shafarevich group U1(A/ K)(p) is given by 
the formula(e) 

mmm = YiM Pi \A { K ){ pT = 

I\ vlP \M^)(p)\ 2 I\ v1p \a(k v )(pW 

In particular, when the fl-Euler characteristic x(fi, Se\(A/ ifoo)) is well defined, 
\UI(A/K)(p)\ is finite. 

We obtain as well the following unconditional results when F is taken to be the 
rational number field Q, with K an imaginary quadratic field, and A an elliptic 
curve defined over Q. To be more precise, if A has good ordinary reduction at each 
prime above p in K, then we can use the known A(f2)-module structure theory of 
the Selmer group Se^A/Koa) (as explained by the author in gHl Theorem 3.8], 
though also implicit in the work Skinner- Urban [321 Theorem 3]) to deduce the 
following result. 
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Theorem 1.6 (Theorem 17. 4p . Let A be an elliptic curve defined over Q having 
good ordinary reduction at each prime above p in K , in which case it is known 
that the p°° -Selmer group $el(A/ Koo) is A(Q)-cotorsion, with well defined Q-Euler 
characteristic x(^i Sel(A/Koa)) given by the formula(e) 

Sel^/tfoo)) = X(r, Sel(A/K c ^)) = V (A/K). 

Then, the G-Euler characteristic x(G,Sel(A/ Kp*o)) is well defined, and given by 
the formula(e) 

X (G, Sel(A/K 9 ~)) = J] \c v \ p = '^ffff' ' II I^)(P)| 2 = 1- 

v v\p 

Thus, when the fl-Euler characteristic x(^? Sel(A/ifoo)) is well defined, the cardi- 
nality of the p-primary part of the Tate-Shafarevich group HI(j4/ 'K)(p) is given by 
the formula(e) 

\m{A/K)(p)\ ^ Wp ■ W R ^ 2 \ a ( k )(p)\ 2 



In particular, when the fl-Euler characteristic x(^) Se^A/ifoo)) is well defined, 
\VI(A/K)(p)\ is finite. 

Using the two-variable main conjecture of Skinner-Urban, we can then deduce 
the following unconditional result. 

Corollary 1.7 (Corollary [73]). Assume in addition (for simplicity) that p > 11. 
Then, the G-Euler characteristic x(G,Sel(A/ K v ^)) is well defined, and given by 
the formula(e) 

x(G, Sei(A/K p ~)) = J] kip = T^flr • II W"»)(p)I 2 = i. 

Moreover, the Q-Euler characteristic x(f2, Se\(A/ K^)) is well defined, and hence 
cardinality of UI(A/ ' K)(p) is given by the formula(e) 

m A/K ){p) \ = nM P -\MK)( P )f _ \A(K)( P W 



I\ v1p \M^)(pW I\ v1p \Mkv)(pW 

In particular, \UI(A/K)(p)\ is finite. 

We also obtain the following unconditional result in the indefinite setting where 
the Heegner hypothesis holds. 

Theorem 1.8 (Theorem I7.6[) . Let A be an elliptic curve defined over Q, associ- 
ated by modularity to a newform f G Si(Yq(N)). Assume that A has good ordinary 
reduction at p, that each prime dividing N splits in K, and that (p,D) = 1. As- 
sume additionally that D is odd and not equal to —3, that x(p) = 1j that p > 11 
(for simplicity), and that p does not divide the class number of K . Then, the G- 
Euler characteristic x(G,Sel(A/ K p <x>)) is well defined and equal to 1. Moreover, 
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the following identifications hold: 

X (G,Sel(A/.fc») = X (G, Sel(A/if p ») cotors ) 
= |e(£ / , 1 (0))| p - 1 

= |e(J?-log p (7))- 1 f) oo (x oo ,x oo )(0)|~ 1 

= | charCSoo/ISooJCO) • chartSoo/Soo)* (0) • <K(0)| p 1 
= 1. 

The end result of this note should now be clear. By using the framework of 
Euler characteristics, we can obtain revealing p-adic information about the refined 
conjecture of Birch-Swinnerton-Dyer and Tate via Iwasawa main conjectures, in 
particular via Iwasawa main conjectures of two- variable type. It would therefore be 
extremely interesting to establish these conjectures, which have now been proved in 
special cases by Skinner-Urban [35] (generalizing older works of Coates- Wiles [TP] 
and Rubin 38], [39]), for all primes, as well as for the more general setting of totally 
real fields. It would also be extremely interesting to relate the Euler characteristic 
formulae given above to the modular setting outlined in Pollack- Weston [34], then 
to the conjectures of Shimura/Prasanna [35, via Ribet-Takahashi [36] . as well as 
to relate the results obtained in the indefinite setting above to the conjectures of 
Kolyvagin [53]. However, these problems lie beyond the scope of this article. 

2. Ring class towers 

The dihedral or anticyclotomic Z p -extension of K. Suppose that F is 
any totally real number field, and K any totally imaginary quadratic extension of 
F. Recall that we fix throughout a rational prime p, and let p denote a fixed prime 
above p in F. Given an integral ideal c C Of, we write O c = Of + cOk to denote 
the O^-order of conductor c in K. The ring class field of conductor c of K is the 
Galois extension K[c] of K characterized via class field theory by the identification 

K x /F x O x K x G&\{K[c]/K). 

Here, recx denotes the Artin reciprocity map, normalized to send uniformizers to 
geometric Frobenius automorphisms. Let us write G[c] to denote the Galois group 
Gal(K[c]/ K). We consider the ring class tower 

K{p°°] = |J K[p n ], 

n>0 

along with its Galois group G[p°°] = Gal(-RT[p 0O ]/i<'), whose profinite structure we 
write as 

G[p°°] = HmG[p n ]. 

n 

A standard argument in the theory of profinite groups shows that the torsion sub- 
group G[p°°]tors C G[p°°] is finite, and moreover that the quotient Gfp^J/Gfp^tors 
is topologically isomorphic to Z p , where S = [F p : Q p ] We refer the reader to the 
sketch given in p~2l Corollary 2.2] for more details of the deduction. Let G p =o de- 
note the Galois group G[p°°]/G[p°°]t;or S = Z*, which has the structure of a profinite 
group 

Gpoc = lim Gpn . 
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Let us then write Kpn to denote the abelian extension of K contained in iT[p n ] 
such that Gpn = Gal(K p n /K). When there is no risk of confusion, we shall simply 
write G to denote the Galois group G p =o . 

Proposition 2.1. The extension Kp^ over K is unramified outside of p. 

Proof. The result is a standard deduction in local class field theory, as shown for 
instance in Iwasawa [22] Theorem 1 §2.2]. In general, given any p-adic field L, the 
abelianization of Gl = Gal(L/L) is a completion of L x . The subgroup correspond- 
ing to ramified extensions is 0£ , which is a profinite abelian group whose open 
subgroups are pro-p. The result is then easy to deduce. □ 

Finally, let us remind the reader that the extension i^[p°°] is Galois over F, 
and of generalized dihedral type. That is, the complex conjugation automorphism 
of Gsl(K/F) acts by inversion on G[p°°]. It follows from this fact that -ftr[p°°] is 
linearly disjoint over K to the cyclotomic extension K(n p °°), where /i p =o denotes the 
set of all p-power roots of unity, because the complex conjugation automorphism 
acts trivially on Gal(K (/i p <») / K) . For this reason, the extension K p ^/K is often 
called the anticyclotomic Z^-extension of K. 

Decomposition of primes in Kpao. Let us now write G to denote the Galois 
group Gp~ = Qal{Kpoo / K). Given a finite prime v of K, let D v C G denote the 
decomposition subgroup at a fixed prime above v in Kp<x> . We shall often make the 
standard identification D v with the Galois group G w — Gal(_Kpoo }W / K v ) , where w 
is a fixed prime above v in Kp°a . 

Proposition 2.2. Let v be a finite prime of K . 

(i) If v does not divide p, then D v is trivial. 

(ii) If v divides p, then D v is topologically isomorphic to Z*. 

Proof. Suppose first that v does not divide p, hence that v is unramified in Kp°a . 
Let K cyc denote the compositum of fields KQ cyc , where Q cyc is the cyclotomic 
Zp-extension of Q. Let Roc denote the compositum Kp^K cyc . Let K^ r (p) denote 
the maximal unramified pro-p extension of K v . We know by local class field theory 
that G&\(K™ r (p) / K v ) is isomorphic to Z p . Fix a prime w above v in i?^. Let us 
also write w to denote the restriction of this prime to either of the subfields Kpaa or 
K cyc . We then have field inclusions K v C K cyc C R^^ C K% r (p). Now, we claim 
that G&\{K%f c / K v ) is isomorphic to Z p , in which case G&\{K™ {p) / K^ c ) must be 
trivial. In other words, we claim that K™ r (p) = K%f c . We then argue that K v oo w 
cannot be contained in K^ c , as the global fields Kp^ and K cyc are disjoint over 
K. It then follows that Gal(Kpoo iW /K v ) must be trivial, as required. 

Suppose now that v divides p, in which case we know that v is totally ramified 
in Kp°o. Hence, v is totally ramified in each of the finite layers Kpn over K. A 
well known characterization of degrees of local fields (see for instance [40l I. §7]) 
then implies that for each n > 1, the decomposition group at the prime above v 
in Gpn = Gal(Kpn /K) has index 1 in G p ™ . Taking limits, we deduce that we must 
have identifications D v = G p oo = Z*. □ 

3. Galois cohomology 

Here, we record some basic facts from Galois cohomology that will be used 
without comment in the computations below. 
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p-cohomological dimension. Recall that the p-cohomological dimension cd p (G) 
of a profinite group G is the smallest integer n satisfying the condition that for 
any discrete torsion G-module M and any integer q > n, the p-primary component 
of H q (G,M) is zero ((40] §3.1]). We have the following crucial characterization of 
p-cohomological dimension. 

Theorem 3.1 (Serre-Lazard) . Let G be any p-adic Lie group. Let M be any 
discrete G-module. If G does not contain an element of order p, then cd p (G) is 
equal to the dimension of G as a p-adic Lie group. 

Proof. See HQ and [29]. □ 

Since G p = — has no point of order p, we deduce the following immediate 

Corollary 3.2. Let G denote the Galois group G p = = X s p defined above. Then, 
cd p (G) = 6. Moreover, given a finite prime v of K , 

(i) cdp(D v ) — if v does not divide p; 

(ii) cdp(D v ) — 5 if v does divide p. 



Proof. The first claim follows from Theorem 13.11 The second claim then follows 
from Proposition ^. 21 □ 

The Hochschild-Serre spectral sequence. Fix S any finite set of primes of K 
containing the primes above p in K , and the primes where A has bad reduction. 
Let Kg denote the maximal extension of K that is unramified outside of S and 
the archimedean places of K. Let Gs(K) = G&\(Ks/K) denote the corresponding- 
Galois group. Observe that there is an inclusion of fields C K$. Given any 
intermediate field L with K C L C K p oo , let 

G S (L) = Gal(K s /L). 

Recall again that we write G to denote the Galois group G p oo = Ga^i^oc / K). 

Lemma 3.3. For all integers i > 1, we have bijections 

(5) W(G,W(G s (K p ~),A p ~) = H l+2 (G,A p ~). 

Proof. See [40J § 2.2.6] or [41]. We claim that for all i > 0, a direct application of 
the Hochschild-Serre spectral sequence gives the exact sequence 

H i+1 (G s (K),A pX ) H^CH^GsiK^Ap-)) H l+2 (G,A P ~). 

On the other hand, it is well known that H l (Gs(K), A p °° ) = for all i > 2. Hence, 
the claim holds for all? > 1. □ 

Some identifications in local cohomology. Let L be a finite extension of K. 
Recall that for each finite prime v of K, we let 

(6) J v (L)=($H 1 {L w ,A(L w )){p). 

w\v 

Here, the sum runs over all primes w above v in L. If L^ is an infinite extension 
of K, we then define 

(7) J v (L oc )=lun.J v {L) 1 

L 

where the limit runs over all finite extensions L of K contained in Loo. Here, the 
inductive limit is taken with respect to restriction maps. Given any finite prime v of 
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K, let us fix a prime w above v in K p <x> . Recall that we then write G w to denote the 
Galois group GaA(Kp°o iW / K v ) , which we identify with the decomposition subgroup 
D V CG. 

Lemma 3.4. Let v be any finite prime of K , and w any prime above v in K p ^> . 
Then, for each integer i > 0, there is a canonical bijection 

(8) H\G,J v {K p oo))^H\G w ,H\K p °o !W ,A)(jp)), 

Proof. Recall that we let G p n denote the Galois group Gdl(K pn / K), which is iso- 
morphic to (Z/p n Z) . Let Gpn.u, C G denote the decomposition subgroup of the 
restriction of w to K p n. Shapiro's lemma implies that for all integers n > 1 and 
i > 0, we have canonical bijections 

fr(G p »,j„(jfp»))sfl < (Gp» >u , ) fr 1 (ifp» lW1 ii)(p)). 

Passing to the inductive limit with n then proves the claim. □ 

Corollary 3.5. Let v be any finite prime of K not dividing p, and let w be any 
prime above v in K p <x> . Then, for each integer i > 1, we have that H i (G w , J V {K P <^)) = 
0. 

Proof. The result follows plainly from the identification ([8]) , using that G w is trivial 
by Proposition 12.21 □ 

Lemma 3.6. Let v be any finite prime of K that divides p, and write w to denote 
the prime above v in K p ^o . Then, for each i > 8 — 1, we have that 

H i (G w ,H 1 (K p ~ iW ,A)( P )) = 0, 

Moreover, for each 1 < i < 5 — 2, we have bijections 

(9) H i (G w ,H 1 (K p ao <w ,A)(p)) ^ H i+2 (G w ,A V! po°). 

Proof. See [6j Lemma 3.5]. Let Gk v denote the Galois group G&\(K V /K V ), where 
K v is some fixed algebraic closure of K v . Let Ijc v Q Gk v denote the inertia 
subgroup at a fixed prime above v in K v . Consider the short exact sequence of 
Gkv -modules 

(10) — > C — > A p oo — > D — > 0. 

Here, C denotes the canonical subgroup associated to the formal group of the Neron 
model of A over Ok v (see [7j § 4]). Moreover, dTUt is characterized by the fact that 
C is divisible, with D being the maximal quotient of A p =o by a divisible subgroup 
such that the inertia subgroup Ik v acts via a finite quotient. Since K p ^ }W is deeply 
ramified in the sense of Coates-Greenberg [7], we have by [7J Propositions 4.3 and 
4.8] a canonical G w -isomorphism 

(11) H x {K pXtW , A)(p) = H x (Kpao tW ,D). 

Moreover, the Gk v -module D vanishes if and only if A has potentially supersingular 
reduction at v, as explained in 7, § 4]. 

Observe now that Gal(K v / K p <x tW ) has p-cohomological dimension equal to 1, as 
the profinite degree of K p oa w over K v is divisible by p°° (see [40]). Hence, for all 
i > 2, we have identifications 

(12) H i (K pX>w ,D) = 0. 
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Taking (fT2|) along with the Hochschild-Serre spectral sequence then gives us for 
each i > 1 exact sequences 

(13) H l+1 (K V ,D) H\G w ,H 1 {K po ,^,D)) ^ W +2 {G W ,D). 

While we would like to follow the argument of [BJ Lemma 3.5] in showing that the 
terms on either side of (|13p must vanish, we have not been able to find an argument 
to deal with the fact that 5 could be greater than 4. Anyhow, we can deduce that 

(14) H i (K v ,D) = Q 

for alH > 2. That is, we know that cd p (Gk v ) — 2, whence (fl4|) holds trivially for all 
i > 3. To deduce the vanishing for i = 2, we take cohomology of the exact sequence 
dTUl) to obtain a surjection from H 2 (K V , A p ^) onto H 2 (K V , D). It is a standard 
consequence of local Tate duality that H 2 (K v , A p ^ ) vanishes (see for instance [8j 
1.12 Lemma]). Hence, we deduce that f| 14[) holds for all i > 2. It then follows from 
the exact sequence (fT3"|) that we have bijections 

H i {G w ,H 1 {K p ^, w ,D)) — ► H l+2 (G W1 D) 

for all £ > 1. Now, observe that both of these groups vanish for all i > d — 1, as 
cd p (G w ) — S. The result now follows from the natural identification of D with the 
Gyj-module A p ao }V — A(Kp°= , w ) p °o . □ 

4. The torsion subgroup A(i^ p =o) tors 

We start with the following well known result. 

Lemma 4.1. The torsion subgroup A(Kp<x ) tors o/^-fTpoo) is finite. 

Proof. Fix a finite prime v of F that remains inert in K. Let us also write v to 
denote the prime above v in K. By class field theory, v C splits completely 
in if poo. Hence, fixing a prime w above v in Kpx,, we can identify the union of all 
completions K v <x w with K v itself. In particular, we find that A(K V ^ W ) = A{K V ), 
which gives us an injection A(Kp°o) toTS — > A(K v ) tol - s . On the other hand, consider 
the short exact sequence 

(15) — > Ai(K v ) — > A (K V ) — > A(k v ) — > 0. 

Here, A\{K V ) denotes the kernel of reduction modulo v, which can be identified 
with the formal group A(m v ), and k v denotes the residue field of K at v. Let 
n > 1 be any integer prime to the residue characteristic q v . It is well known that 
A(m„)[n] = 0. Hence, taking n-torsion in (|15p. wc find for any such prime v C Ok 
an injection 

(16) A (K v )[n] — >A{k v ). 

The group A(k v ) is of course finite. Since we have this injection (fTB]) for any such 
prime v C Ox, it follows that ^4(i"Tpoo) tors must be finite. □ 

Consider now the G-Euler characteristic of the p-primary subgroup A p ^ = 
A(_Kpoo) p oo , which we denote by x(G, A p ov). Recall that this is defined by the 
product 

X {G,Ap^) = J{\H\G,A p ^-^, 

i>0 

granted that it is well defined. 
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Corollary 4.2. The G-Euler characteristic x{G,A p ™) is well defined and equal to 
1. 

Proof. This is a standard result, as G is pro-p, with A p oo(Kpoa) a finite group of 
order equal to some power of p. See [101 Exercise (a) §4.1]. □ 

Recall that given a finite prime v if K, we let G w denote the Galois group 
G&l(Kpoo iW /K v ), where w is a fixed prime above v in Kp<x>. Let ^4„, p o° denote 
the Gui-module defined by A p °° (Kp<^ tW ) . Consider the G„j-Euler characteristic of 
Apaa >v , which we denote by x(G Wl A v ^ p <=°). Recall that this is defined by the product 

X (G W , A p oo <v ) = Yl \H\G W ,A V , P ~)\^\ 

i>0 

granted that it is well defined. 

Corollary 4.3. Let v be any finite prime of K , with w a fixed prime above v in 
Kp*o. The G w -Euler characteristic x{G w , A p °o tV ) is well defined and equal to 1. 

Proof. In any case on the decomposition of v in K v <^, G w is pro-p, with A p °e, v 
a finite group of order equal to some power of p, in which case the result is also 
standard. Note as well that since G w = D v is in any case a closed subgroup of 
G, the result can also be deduced from Corollary 14.21 above . since Shapiro's lemma 
gives canonical isomorphisms i? l (G, A p °°) = H l (G w , A v ^) for each i > 1. □ 

In summary, we have shown the following result. 

Proposition 4.4. Let v be any finite prime of K , with w a fixed prime above K 
in K p oo. Then, x(G,A p ^) = x{G w ,A v , p °°) = 1. 



5. The definite case 



Let us keep all of the notations of the section above. Here, we shall assume 
that the p°°-Selmer group Sel(A/Kp<x>) is A(G)-cotorsion, where A(G) denotes the 
O-Iwasawa algebra A(G p =o) — 0[[G P °°]] for O the ring of integers of some fixed 
finite extension of Q p . We shall also use here the standard notations for abelian 
varieties and local fields, following Coates-Greenberg [7]. 

Strategy. We use the standard method of taking the snake lemma in the commu- 
tative diagram 



(17) 



Sel(A/K p ~) 



Se\(A/K) 



G 



q ip s (K p <x) 



> (Bves Jv(Kp^) c 



-> H\G S {K),A P ~) 



Here, recall that S denotes any finite set of places of K containing the primes above 
p, as well as all places where A has bad reduction. The map ips(Kp°°) is induced 
from the localization map 

\s(K p ~) : H\G S (Kp~),A p ~) — ► J V (K P ~) 
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defining the p°°-Selmer group Scl(A/ K p <x> ). The vertical arrows are induced by 
restriction on cohomology. We also consider the associated diagram 

im(ips(K P oo)) ► ® veS Jv(K p <*>) > coker (ip s (K p ^)) 

(18) £1 |7=®„ eS 7» «2 

im(X s (K)) > ® veS J v {K) > coker (X S (K)) . 

Local restrictions maps. We compute the cardinalities of the kernel and coker- 
nel of the restriction map 7 = llgS 7^ in (1171) . in a series of lemmas leading to 
Theorem 15.71 

Lemma 5.1. Let v j p be a finite prime of K. Let L be any Galois extension of 
K v , with Galois group Q = Gsl(L/ K v ). Let 

t v : H 1 (K v ,A)(j)) — > H 1 (L,A)(p) n 

denote the natural map induced by restriction. Then, we have bijections 

ker(r„) = H 1 (0, A p oo (L)) 

coker^) = H 2 (Cl, A p ^ (£)). 

Proof. See |6j Lemma 3.7]. That is, consider the commutative diagram 
H 1 (K v ,A p oo) H^Ap-f 

(19) 

H l (K v ,A){p) — ^ H l (L,A)(p) a . 

Here, s v denotes the restriction map on cohomology. The vertical arrows denote 
the surjective maps derived from Kummer theory on A. Now, observe that since 
v \ p, we have identifications 

A{K V ) ® Qp/Zp = A(L) ® Qp/Zp = 0. 

Hence, the vertical arrows in (|19j) are isomorphisms, and we have bijections 

ker(T„) = ker(s„) 

coker(r„) = coker(s„). 

The result now follows from the Hochschild-Serre spectral sequence associated to 
s v , using the well known fact that H 2 (K V , A v ^) = 0. □ 

Corollary 5.2. Let v \ p be a prime of S. Then, the local restriction map j v is an 
isomorphism, i.e. ker(7„) = coker (7^) = 0. 

Proof. The result follows immediately from Corollarv l3.2[ which implies that cd p (G w 
for any finite prime v \ p of K. □ 

To analyze the localization maps j v with v | p in the manner of Coates [5J, we 
start with the following basic result. 

Lemma 5.3. Let v \ p be a prime of K. Then, we have identifications 

keT( lv ) = H 1 {G w ,A{K^^ w )){p) 
coker(7„) H 2 (G W , A(Kp<*> iW ))(jp). 
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Proof. Taking the Hochchild-Serre spectral sequence associated to Kp°o >w over K v 
with the fact that H 2 (K v , A p ^ ) = 0, the result follows immediately from the defi- 
nition of 7„. □ 

We now consider the primes v \ p of K where A has good ordinary reduction. 

Lemma 5.4. Let v \ p be a prime of K where A has good ordinary reduction. 
Assume additionally that A is principally polarized. Then, we have identifications 



\H\K v ,A v {m))\ = 



if i > 2 

\A(k v )(p)\ if i = l. 



Proof. See [SJ Lemma 3.13], the proof carries over without changes to the setting 
of principally polarized abelian varieties. □ 

Lemma 5.5. Let v \ p be a prime of K where A has good ordinary reduction. 
Assume additionally that A is principally polarized. Then, for all i > 2, we have 
isomorphisms 

H\G w ,A(K p ~, w ))(p) = H l {G w ,A v ^). 
We also have for i = 1 the short exact sequence 

(20) H 1 (K Vl A v (m)) — > H 1 (G Wl A(K p ^^ w ))(p) — > H 1 (G W , A VjP ^). 

Proof. The results are deduced from the lemmas above, following [6l Lemmas 3.12 
and 3.14], which work in the same way for principally polarized abelian varieties 
using the results of [7]. □ 

Putting these identifications together, we obtain the following result. Let us 
write h v i to denote the cardinality of H 1 (G w , A v p oo ) for any integer i > 0. 

Proposition 5.6. Let v \ p be a prime of S where A has good ordinary reduction. 
Assume additionally that A is principally polarized. Then, ker^v) and coker(7„) 
are finite, with 

I ker(7„)| _ h vfi ■ h vA 
|coker(7 w )| h v ^ 2 

Proof. Lemmas 15.31 and 15 . 51 imply that |coker(7 u )| = h v _2- Using the exact sequence 
(f20|) along with Lemma f5T4l for i = 0, we then deduce that |coker(7^)| = hv o ■ h v ,i, 
as required. □ 

Let us now consider primes v \ p of S where A has bad (multiplicative) reduction. 
We know a priori by Lemma T5. 31 that 

(21) kerfa) = Ig 1 ^,^^))^)! 

1 ' coker( 7 „) \H 2 {G w ,A{K p ~, w )){p)y 

granted the quotient is well defined. Let us for the moment just write m v (A) to 
denote the quotient of cardinalities (|2"Tj) . granted it is defined. Note that conjec- 
turally, we should have identifications m,,^) = c v (A) for each such prime v \ p, 
where c v (A) = [A(K V ) : Aq(K v )} denotes the local Tamagawa factor of A at v. In 
any case, we can summarize all of the identifications given above into the following 
result. 
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Theorem 5.7. Let us write the finite set of places S as a disjoint union 

S = Sq U Sm 

where So C S denotes the subset of primes where A has good ordinary reduction, 
and Sm Q S denotes the subset of primes where A has multiplicative reduction. We 
then have the following description of the global restriction map 7 in (|17|) : 

l ker (7)l tt K fi ■ h Vjl TT m f A\ 

Global calculation. We start with the easy part of the calculation: diagram chas- 
ing of ([TT)) . Let us now assume for simplicity that A has good ordinary reduction 
at all primes above p in K . 

Lemma 5.8. We have the following bijections for the restriction map (3: 

ker(/3) S H^CAp^) 
coker(/3) H 2 (G,A p ~.). 

Proof. This follows immediately from the inflation-restriction exact sequence, using 
the fact that H 2 (G S (K), A p ~>) = 0. □ 

Recall that given a prime v € S and an integer i > 0, we write h v ,% to denote 
the cardinality of H l (G w , A v>p ao). Let us also write hi to denote the cardinality of 
H l (G, A p va). We now give the first part of the global calculation: 

Lemma 5.9. Assume that Sel(A/ K) and coker(A5(X)) are finite, and that A has 
good ordinary reduction at all primes above p in K . Then, 



(22) 



\H°(G,Se\(A/K^))\ = \Sel(A/K)\ ■ |coker(V>s(tf P ~))| ■ t-^t- J[ K ' 



hi ■ ho 11 h v 2 

v\p 

Proof. Theorem 1 5 . 71 implies that 

f2 o\ I ker(-7)| = yr h vfi -h vA 

[ ' |coker( 7 )| 11 h v , 2 ' 

v\p 

Observe that the numerator and denominator of (|23p are finite by our assumption 
that A has good ordinary reduction at all primes above p in K. Hence, the quotient 
is well defined. Using this result in the snake lemma associated to (|T51) , we deduce 
that ker(ei) and coker(ei) must be finite. Moreover, we deduce that 

|ker(ei)| |ker( 7 )| |coker (M**- )) I 
1 ' |coker(ei)| |coker( 7 )| |coker (X S (K)) | 

Now, it is well known that if Se\(A/K) and coker(As (K)) are finite, then 
(25) |coker (X S (K)) \ = A{K) p ~ = h Q . 

On the other hand, taking the snake lemma in (117[) . we find that 



|Sel(A/i^) G | |coker(£)| | ker(e 



(26) \8e\{A/K)\ |ker(/3)| |coker(e 1 )|' 

The result now follows from (gBJ by j23]), jUJ) and <j25j). □ 
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Corollary 5.10. If the localization map Xs(Kp<x>) is surjective, then 

(27) X (G,Sel(A/K^)) = M^Dl . JJftg 

v\p 

Proof. If Xs(Kpov) is surjective, then we have the short exact sequence 

(28) — > Sel(A/ Kpoo) — > B^ — > C M — > 0, 



where 



B 00 =H 1 (Gs(K p «o),A p ao) 

Taking G-cohomology of (|28| then gives the long exact sequence 

► H°(G,Sel(A/K p oo)) ► ^(G.Boo) ^ (Jfp3o) > H°(G : C^) 

> F^G, Sel(A/if P oc)) ► if^G, Boo) ► F 1 ^,^) 



(29) 



-> # a (G, Sel(^/X p =o)) ► i/ a (G,Boo) ► H S (G,C 

-> 0. 



Let us now write 

Wi,„ =i/ l (G tu ,ff 1 (X p oo i , ; ,^)(p)). 
We can then extract from (J2U) the long exact sequence 
(30) 

► H°(G,Se\(A/K p ~)) > H°(G, B^) MK >°°\ ® v]p W , v 



-> H l (G,Sel(A/K p -)) ► H 3 (G,A P ~) > ^ v{p H 3 (G W7 A 



v,p ,:> 



> H s {G,Se\(A/K v ~)) > 0. 

Here, the identifications for the central terms come from the Hochschild-Serre spec- 
tral sequence, (|S|). The identifications of the terms on the right come from Corollary 
13.51 for the first row, then from the version of Shapiro's lemma given in ([SJ along 
with the bijections ([9]) for the subsequent rows. Note that we have ignored the 
vanishing of higher cohomology groups here; the reason for this will me made clear 
below. That is, using the definition of the map ips(Kp^) in (|17[) . we can then 
extract from (IBTfl) the exact sequence 

(31) 

► coker(^s(^ P ~)) ► H 1 (G, Sel(A/K p ^)) ► H 3 (G, A p0 °) 

T6 



> H d (G,Se\{A/K p ~)) ► 0. 
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Using (|3l"j). we deduce that 
(32) 

mt*WKr)) - ^tlt^i ■»"mv)-n» w ta..^)- 1 . 

u|p 

Here, we have written 

x (3) (G,A^) = rj|^(G,A^)|(- 1 )\ 

i>3 

and 

X {3) (G W ,A P ~) = l[\H l (G W: A v , p ~) | 

i>3 

Substituting into ([52]). we then find that 

X (G,Se\(A/K^)) = \Sel(A/K)\ ■ ■ TJ ^ • X (3) (G,.V) • Y[ X {3) (G W , A v , p ^ 

v\p v\p 

= |Sel(A/if)| • x(G ;f p °° } • n^,» • A,^)" 1 . 

rt i 



The result then follows from Proposition 14.41 which gives for each prime v \ p the 
identifications x{G, A p oa) = X (G W , A VjP oo) = 1. □ 

Surjectivity of the localization map. Recall that we write A to denote the 
O-Iwasawa algebra A(G) = 0[[G p «>]]. We now show that the localization map 
Xs(K v <x) is surjective if Sel p °a(A/Kpoo) is A-cotorsion, at least when A is known 
to be principally polarized. Given L a Galois extension of K, let &(A/L) denote 
the compactificd Selmer group of A over L, 

&{A/L)= Urn ker { H\G S (L), A p n) — > J V (L) ) . 

Proposition 5.11. Let fl = Gal(i/A") be an infinite, pro-p group. If A(L) p oa is 
finite, then there is a h(VL)-module injection 

&{A/L) — ► Hom A(n) (X(A/L), A(O)) . 

Proof. The result is well-known, see for instance [151 Theorem 7.1], the proof of 
which carries over without change. □ 

Theorem 5.12. (Cassels-Poitou-Tate exact sequence for abelian varieties). Let 
A 1 denote the dual abelian variety associated to A. Let &(A/ AT p =o) v denote the 
Pontryagin dual of the compactified Selmer group &(A/Kp<x>). There is a canonical 
exact sequence 

(33) 

> Sel(A/A» > H\G s (K^),A p ~) > ® s H\K p - tW ,A){p) 



► © V (A7A>) ► H 2 (Gs(K px ),A pa o) > 0. 

Proof. See Coates-Sujatha [8j § 1.7]. The same deduction from the generalized 
Cassels-Poitou-Tate exact sequence Theorem 1.5] works here, keeping track of 
the dual abelian variety A 1 . □ 
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Corollary 5.13. Assume that A is principally polarized. IfSe\(A/K p ^) is A- 
cotorsion, then the localization map As(Apoc) is surjective, i.e. there is a short 
exact sequence 

Sel(A/K p =) ► H^GsiKp^A^) Xs(K '°°\ ® veS J v (K p ~). 

Proof. If Sel(A/A"poo) is A-cotorsion, then X(A/K p c°) is A-torsion by duality. It 
follows that HomA(A(A/AT p oo), A) = 0. Hence by Proposition I5.1l( we find that 
&(A/K p a a ) = 0. It follows that 6 v (A/AT p oo) = 0. Since we assume that A is 
principally polarized, we can assume that there is an isomorphism A = A , in 
which case it also follows that 6 V (A* / K p ^) = 0. The claim then follows from ([33)) . 
Observe that we also obtain from this the vanishing of H 2 (Gs{K$°°), A p ^). □ 

Hence, we obtain from Corollary 15.101 the following main result of this section. 

Theorem 5.14. Assume that A is a principally polarized, and that A has good 
ordinary reduction at each prime above p in K. Assume additionally that Sel(A/K) 
is finite. If Sel p oo (A/K p ov) is A(G)-cotorsion, then 

X (G,Sel(A/AV)) = '™ ( ( ^ff' -nfe)(P)l a - 

Proof. The computations given above show that the Euler characteristic is well 
defined, and given by the formula 

X (G,Sel(A/K p ~))= lSel W K) \ l[hl v . 

v\p 

The result then follows from the definitions, as well as the standard identification 
in this setting of Se\(A/K) with HI(A/ K)\p°°]. □ 

6. The indefinite case 

Let us keep all of the setup above, but with the following crucial condition. Let 
N C Op denote the arithmetic conductor of A. Recall that we write x to denote 
the quadratic character associated to K/F. We assume here the that so-called 
weak Heegner hypothesis holds, which is that xC^O = l ( c f- [201 0.]). In 

this setting, the Selmer group Sel(A/AT p oo) is generally not A-cotorsion, but rather 
free of rank one over A. For results in this direction, see Howard [201 Theorem B], 
which generalizes earlier results of Bertolini [T] and Nekovar (cf. [55] or [55] ). 

A conjecture a. la Perrin-Riou. We refer the reader to the discussion in Howard 
[2D] or Perrin-Riou [31] for relevant Iwasawa theoretic background. The version of 
the Iwasawa main conjectures posed in these works has the following interpretation 
in terms of Euler characteristic formulae. Recall that we fix a prime p above p in 
F. For each finite extension L of K, we consider the two p-primary Selmer groups 
Sel p oo(j4/L) and @{A/L), which can be defined implicitly via their inclusion in the 
descent exact sequences 

-> A(L) ® 0f Fp -> &(A/L) -> hmHI(A/L)[p n ] 

n 

A(L) ® OF {F p /0 Fp ) Sel p ~(A/L) -> UI(A/L)[p°°] -> 0. 
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The abelian variety A comes equipped with a family of Heegner (or CM) points 
defined over the ring class extensions if [p™], as described for instance in (20] §1.2]. 
Given an integer n > 0, let h n denote the image under the norm from if [p" +1 ] to 
K p ™ of the Heegner point of conductor p™ +1 . Let S) n denote the A-module generated 
by all the images h m with m < n. Let iOoo = b^m^ f) n denote the associated Heegner 
module. Taking the usual limits, let us also define the finitely-generated A-modules 

6oo = e{A/K v ~) = \hn&{A/K pn ) 

n 

Selpoo^/Kpoc) = lim Selpoo (A/if pn )- 

n 

Let X(A/Kp^) denote the Pontryagin dual of Selpoo (A/K p <*>), with X(A/K p <=°) its 
A-cotorsion submodule. Given an element A € A, let A* denote the image of A under 
the involution of A induced by inversion in G — G p °°. The main conjecture posed 
by Howard [20] Theorem B], following Perrin-Riou [31], can then be summarized 
as in the following way. If A has ordinary reduction at p, then 

(i) The A-modules fjoo and ©oo are torsionfree of rank one. 

(ii) The dual Selmer group X(A/ K p °°) has rank one as a A-module. 

(iii) There is a pseudoisomorphism of A-modules 

X(A/K p a,) toIS — ► Me M e Mp, 

where the A-characteristic power series char(M) is prime to pA with char(M) = 
char(M)*, and the series char(Mp) is a power of pA. 

(iv) The following equality of ideals holds in A, at least up to powers of pA: 

(char(M)) = (char {Q^/Sj^)) . 

The reader will note that many cases of this conjecture (with one divisibility in 
(iv)) are established by Howard [20] Theorem B], using the relevant nonvanishing 
theorem of Cornut-Vatsal [12]. Putting this into the framework of Euler charac- 
teristics, we make the following conjecture in the style of Perrin-Riou 31 . Let 
Selpoo ( J 4/ifpoo) cotors denote the A-cotorsion submodule of Selpoo [A/K p ^). Recall 
that given an element A € A, we write A(0) to denote the image of A under the 
natural map A — > Z p . Recall as well that we let &n denote the Artin symbol of 
d n = (\HJOk) H Opn.. Here, D denotes the absolute discriminant of K, and O p n 
the Cp-order of conductor p™ in K, i.e. O >> = Of + P™Cx. Let = lim M^. We 

y A n 

let ( , )a.k[p"] denote the p-adic height pairing 

( , ) A<Kb>n] : A\K[p n ]) x A(K[p n }) — ► Q p , 

defined for instance in Howard [11] (9), §3.3] or Perrin-Riou [33]. Assume for 
simplicity that A is principally polarized. There exists by a construction of Perrin- 
Riou [31] (see also [33] ) a p-adic height pairing 

f)„ : &(A/K p n) x &(A/K p n) — > c -% 

whose restriction to the image of the Kummer map A(if[p"]) <E> Z p — > &(E / K[p n ]) 
coincides with the pairing ( , ) A,K[p n \ after identifying A 1 = A in the canonical way 
(cf. [TH Proposition 0.0.4]). Here, c £ Z p is some integer that does not depend on 
the choice of n. Following Perrin-Riou [31] and Howard [19], these pairings can be 
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used to construct a pairing 

boo : ©oo x Goo — > c-%[[G]] 
(]jma n ,^mb n ) 1 — ► ljm f)„(a„, &£) • a. 

We then define the p-adic regulator 1Z = 1Z(A/ K p <x>) to be the image of ©oo in 
c _1 Z p [[G]] under this pairing fioo. Let e denote the natural projection 

e : Z p [[G\p°°]}} —> Z p [[G}}. 

Conjecture 6.1. Let A be a principally polarized abelian variety defined over F 
having good ordinary reduction at each prime above p in K . Assume that A sat- 
isfies the weak-Heegner hypothesis with respect to N and K. Then, the G-Euler 
characteristic x(G,Sel(A/Kpoo) cotoTa ) is well defined, and given by the expression 

X (G,Sel(A/i^) cotors ) = Ichar^oo/SooXO) • char^/i^nO) -^(O)]; 1 . 

Here, 9\ denotes the ideal (e(^)) _1 7?. ; which lies in the Z p -Iwasawa algebra Z p [[G]]. 

Modular elliptic curves over imaginary quadratic fields. Here, we deduce 
some cases of a version of Conjecture 16.11 for modular elliptic curves in dihedral 
or anticyclotomic Z p -extensions of imaginary quadratic fields, using the A-adic 
Gross-Zagier theorem of Howard [HJ Theorem B] with the two- variable main con- 
jecture proved by Skinner-Urban in [42]. We refer the reader to Mazur- Rubin [25] 
or to previous work of the author [46] for background on the two-variable main 
conjecture. Let us recall the setup briefly. Let p be an odd prime. Fix embeddings 
Q — » Q p and Q — » C. Let A be an elliptic curve defined over the totally real 
field Q. Hence, A is modular by fundamental work of Wiles, Taylor- Wiles, and 
Breuil-Conrad-Diamond- Taylor. Let / G £2^0 (AO) denote the cuspidal newform 
of level N associated to A by modularity. Let K be an imaginary quadratic field 
of discriminant D, with associated quadratic character x- We assume from now on 
that / is p-ordinary in the sense that the the image of its Hecke eigenvalue at p 
under the fixed embedding Q — > Q p is a p-adic unit. We also assume the Heegner 
hypothesis that all primes dividing the level N split in K, as well as the coprimality 
condition (p,ND) = 1. Recall that we write Ar[p°°] to denote the p°°-ring class 
tower over K, with Galois group G[p°°] = Gal(K\p°°]/K). Recall as well that we 
write Kp<x to denote the dihedral or anticyclotomic Z p -extension of K , with Galois 
group Gpoo = Gal(Kp°o / K). When there is no risk of confusion, we shall simply 
write G to denote G p °o. Let us write F to denote the cyclotomic Galois group 
Gal(K([i p oo)/K). Hence, the compositum extension i?oo = • K([i p <x) con- 

tains the Zp-extension of K, which we denote by ifoo- Let us write Q to denote the 
Galois group Gal(i?oo/-fO, an d ^ to denote the Galois group G&\(Koo/K) = Z p . 
The construction of Hida |16) and Perrin-Riou |32) (whose integrality is shown by 
the author in Theorem 2.9]) gives a two- variable p-adic L-function 

C f g Z p [[g}} = Z p [[Gb°°] x F]]. 

This element interpolates p-adically the algebraic values L(A/K, W, l)/87r 2 (/, /)jv 
(embedded into Q p ), where W is any finite order character of G, and (/, /)jv the 
Petersson inner product of / with itself. Fixing a topological generator 7 of T, we 
can write this two- variable p-adic L-function £/ as a power series in the cyclotomic 
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variable (7 — 1), 

(34) C f = C ft0 + £/,i( 7 - 1) + £ /)2 (7 - I) 2 + • • • 

Here, the coefficients Cfj are elements of the completed group ring Z p [[G[p°°]]]. 
Now, the Heegner hypothesis forces the complex value L(A/K, 1) to vanish via 
the functional equation for L(A/ K, s), and hence it follows from the interpolation 
property of Cf that Cj.q = 0. The main result of Howard [19] shows that the 
linear term Cf^i in this setting is related to height pairings of Heegner points in 
the Jacobian Jo(N) of the modular curve Xq(N). To be more precise, the Heegner 
hypothesis implies for each integer n > the existence of a family of Heegner points 
h n € X n (N)(C) of conductor p n . These Heegner points h n are defined in the usual 
way: each h n is a cyclic iV-isogeny h n : £ n — > £' n of elliptic curves £ n and £' n having 
exact CM by the Z-order O p ™ = Z+p n C>K- The family {h n } n can in fact be chosen 
in such a way that the following diagram commutes, where the vertical arrows are 
p-isogenies: 

f h " > £' 



£71-1 — " ► £'n-l- 

This in particular makes £ n -i a quotient of £ n by its pO p n-i -torsion, and £' n _ 1 a 
quotient of £' n by its pO pn -i -torsion. By the theory of complex multiplication, the 
CM elliptic curves £ n and £' n , as well as the isogeny h n between them, can all be 
defined over the ring class field K [p n ] of conductor p n over K. Hence, we have for 
each integer n > a family of Heegner points h n £ Xo(N)(K[p n }). Let us commit 
an abuse of notation in also writing h n to denote the image of any such point under 
the usual embedding X (N) —> Jq(N) that sends the cusp at infinity to the origin. 

Let T denote the Q-algebra generated by Hecke operators 7} at primes / not di- 
viding N acting on Jo(N). The semisimplicity of T induces T- module isomorphism 

j o (i\0(W)— ►0JWD/8, 

where the direct sum ranges over all Gal(Q p /Q p )-orbits of algebra homomorphisms 
j3 : T — > Q p , and each summand is fixed by the natural action of G&\(K[p n ]/Q). 
If /3(T) C Q p , then T acts on the summand J(K [p™])^ via the homomorphism (3. 
Our fixed newform / £ S*2(ro(-/V)) determines such a homomorphism, which we 
shall also denote by /. Let us then write h n j to denote the image of a Heegner 
point h n € Jo{N){K{p n \) in the associated summand J(K[p n ])f. Let a p denote the 
p-adic unit root of the Hecke polynomial X 2 — a p (f)X +p, where a p (f) denotes the 
usual Fourier coefficient at p of /. Following the constructions of Bertolini-Darmon 
[2] , we define for each integer n > regularized Heegner points in the following way: 

^ p (Ji p 

if n > 1, otherwise 



zq = - 
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Here, u — i|0^|, and a p and a* denote the Frobenius automorphisms in GaX(K[l]/K) 
at the two primes above p in the case where x(p) = 1- It can be deduced from the 
Euler system relations shown in Howard |19j that these regularized Heegner points 
are compatible under norm and trace maps on the summand J(K[p n ])f. We refer 
the reader to [JJJ] § 1.2] for details. The following main result of Howard [Jj|] was 
first proved by Perrin-Riou [31] for the case of n = 0. To state this result, let 
An denote the Artin symbol of 5 n = (VdOk) H O p n. Let ( , )a,k[ p ™] denote the 
canonical p-adic height pairing 

( , ) A>Km : A\K[p n ]) x A(K[p n }) —> Q p , 

as defined for instance in [19] (9), § 3.3]. Note that this pairing is canonical as a 
consequence of the fact that A is ordinary at p with the uniqueness claims of [19] 
Proposition 3.2.1]. The reader will also note that we do not extend this pairing 
Qp-linearly as done throughout [19,, to obtain the results stated here after taking 
tensor products ®Q p . Indeed, such extensions are not necessary as £/ is integral 
by [HI Theorem 2.9], and hence belongs to the Iwasawa algebra Z p [[(?]] (as opposed 
to the extended Iwasawa algebra Z p [[C*]] Q p ). Let log p denote the usual p-adic 
logarithm, composed with a fixed isomorphism F = Z p . Let us also write z l n denote 
the image of the regularized Heegner point z n under the canonical principal polar- 
ization Jo(N) = Jo (AT)*. We deduce from Howard [TH] Theorem A] the following 
result. 

Theorem 6.2. Assume that D is odd and not equal to —3. Assume as well that 
x(p) = !• Then, for any ring class character p : G[p n \ — > Q p , we have the identity 

(35) p(An) -log p (7) -p(£f,i) = ^( cr )(4 J <>A,/fb"]- 

This identity (|35[) is independent of the choice of topological generator 7 G F. 

This result has the following implications for our modular elliptic curve A, which 
belongs the isogeny class of ordinary elliptic curves associated to the newform /. 
Fix a modular parametrization ip : Xq(N) — > A. Let ip* : Jo (A) — > A denote the 
induced Albanese map, with ip* : A* — > Jo (A) the induced Picard map. Let us 
write 

x n = p*{z n ) e A{K[p n }) 

to denote the image of the regularized Heegner point z n under the Albanese map ip* . 
Let us then write to denote the unique point of A t (K\p n ]) for which p*(x t n ) = z l n . 
Hence, the canonical polarization A = A 1 identifies x n with deg(p)x t n . Note that the 
points x n and x l n are norm compatible as n varies, thanks to the norm compatibility 
of the regularized Heegner points z n and z l n . Granted this property, we define the 
Heegner L-function ^Heeg G Z p [[G[p°°]]] by 

£ H ccg = hm Y ( X n' X n)A,K[p"] ' 
n <7-£G[p»] 

We then deduce from Theorem 16. 21 the following result, which is an integral version 
of Howard [TH Theorem B] . 
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Theorem 6.3. Keep the setup and hypotheses of Theorem \6.2\ above. Let us write 
& = Um^ & n G G[p°°]. Then, as ideals in the Iwasawa algebra Z p [[G[p°°]]] ; 

J?-log p (7) •£/,! =£ H co g - 

This result in turn has applications to the A-adic Gross-Zagier theorem of Mazur- 
Rubin [25] Conjecture 9], where A as before denotes the Iwasawa algebra Z p [[G]] — 
Zp[[G p oo]]. Following Howard [TH] § 0], we define a pairing 

(, )\ K[pn] :A\K[p n ])y.A{K[p n ])^T 

via the rule ( , ) A,K[p n ] — l°g P °( ; )\ K\v n ]' H ere J we have used some detail from 
the construction of ( , }a,k[p™] given in [191 § 3.3], namely that is requires as input 
an auxiliary ring class character 

Pw : A* [pn] /X[p"] x ► r Z p . 

We then define from this the completed group ring element 

^ccg = l™ Yl ( X n,xl)\ K]pn yoe7. p [[G\p°°])]®T. 
n <7-£G[p»] 

Here, we have identified A 1 = A in the canonical way, so that 

(1 ® log p ) (£ H co g ) = deg(v?) ■ £ H oc g - 
Now, let I denote the kernel of the natural projection 

Z p [[G\p°°]xr]]-+Z p [[G\p°°]]}. 
Let -d denote the isomorphism 

tf:Z p [[G[p°°]]]®r — ► J/7 2 

(A® 7 )^A( 7 -1). 



Hence, we have that 



Observe that since = 0, the two- variable p-adic L-function Cf is contained in 
the kernel /. Hence, Theorem 16.31 gives us the following identifications in I /I 2 : 

(36) C f =C fl 0y-l) = - r (7 - 1) = | ^4 ■ 
V 7 ' AU ' £-log p ( 7 ) vr y il-degfa) 

Let us keep all of the hypotheses of Theorem 16.21 in full force. Assume as well that 
the absolute Galois group Gk = G&\(K / K) surjects onto the Z p -automorphisms 
of T P (A), and that p does not divide the class number of K. Let x^ € &(A/ K p ™) 
denote the inverse limit of the compatible elements x„ — Normjf^+i]/^,, {x n +i) G 
&(A/K p n). Let i3oo denote the submodulc of &{Aj 'K p <*>) generated by Xoo. This A- 
modulc oo is free of rank one by Cornut [11] (see also [12] ) . By work of Howard [18] 
(see also [TO]) and Bertolini [T], we know that the dual Selmer group X(A/K p °c) 
is a rank one A-module, that — &(A/K p oo) is free of rank one over A, and 
moreover that the following divisibility of ideals holds in A: 

(37) char X (A/ K p ^) toIS | chai^©^/.^) • char(6 00 /i5 00 )*. 

Now, consider the following result from Perrin-Riou [3T], as described in Howard 
[191 Proposition 0.0.4]. 
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Proposition 6.4 (Pcrrin-Riou). There exists a p-adic height pairing 



p 



(38) f)« : &{A/K pn ) x &{A/K pn ) — > c^Z 

whose restriction to the image of the Kummer map A(K[p n \) ® Z p — > ©(A//T[p™]) 
coincides with the pairing ( , ) J 4,i<'[p"] a/£er identifying A 1 = A in the canonical 
way. Here, c € Z p is some integer that does not depend on choice of n. 

Using (f38|) . we can then define a pairing 

fjoo : ©oo x Goo — * c-%[[G]] 

(^ma„,hm6 n ) i — »■ lim 7^ t) n (a n ,b°) ■ a. 

Recall that we define the p-adic regulator 1Z of A over K p o= to be the image in 
c _1 Z p [[G]]] of this pairing f^. Let e denote the natural projection 

e : Z p [[G[p°°]]] — ► Z P [[G\}. 

Following Howard [19] (using [19l Remark 3.2.2] with the uniqueness claims of [19j 
Proposition 3.2.1] and the fact that A is ordinary at p), we deduce that the height 
pairing f)oo is norm compatible. This allows us to deduce that 

(39) e(£ H cc g ) = f)ooO?oo,a;oo) = char (©oo/ifoo) 1 char (©oo/i/oo)* 7?. 

as ideals in c _1 Z p [[G]]. On the other hand, we obtain from ([36]) the identifications 

(c s _ i) 00(^00, £00) _ char (©oo/gpo) ■ char (©oo/ffoo)* TZ 
G[ fA) ~ e^-log^)) ~ e(iMog p ( 7 )) 

as ideals in A = Z p [[G]]. Let us now write f to denote the natural projection 

f :Z P [[G]] — >Z P [[G]]. 

Assume for simplicity of exposition that p > 11. We can then invoke the result of 
Skinner-Urban [42J Theorem 3] to deduce that 

(40) f(£/) = f (£/,i(7 - 1)) = char A(n) X(A/K co ) 

as ideals in A(f2) = Z p [[il]]. Taking projections to A, we obtain that 

e(£/,i) = chai'A X (A/ K p <x>) toIS 
as ideals in A. Putting this all together, we obtain the following result. 

Theorem 6.5. Assume that D is odd and not equal to —3. Assume additionally 
that the absolute Galois group Gk = GaX{K / K) surjects onto the Z p - automorphisms 
ofTp(A), that x(p) — 1; that p does not divide the class number of K , and (for 
simplicity) that p > 11. Then, the G-Euler characteristic x(G, Sel p oo (A/K p ^)) is 
given by 

X (G, Sel p oo (A/K p ~) 

cotors ) — 

= |e(^-log p (7))~ 1 t) oo (J oo ,J oo )(0)| p 1 

= I char(© oo /ii oo )(0) • char(© 00 /io 00 )*(0) ■ e(A ■ log p ( 7 ))- 1 7e(0)|- 1 . 

Note that these formulae do not depend on the choice of topological generator 
7 € F. Note as well that this result is formal, as we have not assumed the G-Euler 
characteristic to be well defined. We therefore end this section with the following 
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Conjecture 6.6. Recall that we let A denote the Iwasawa algebra A(G) = Z P [[G]]. 
(i) The G-Euler characteristic x(G, Sel p °o (A/K p <x,)) is well defined. Equivalently, 
the image in A of the two-variable p-adic L-function Cf = £f.i("/ — 1) is not iden- 
tically zero. Equivalently, the K-adic height pairing of Perrin-Riou is nonde- 
generate. (ii) The p-adic regulator 1Z of A over K p <x> is nondegenerate, and given 
6 2 /^ = e(^-log p ( 7 ))- 1 A. 

The reader should note that the nonvanishing condition for C / presented in part 
(i) of this conjecture does not follow a priori from the nonvanishing theorems of 
Cornut [TT] or Cornut-Vatsal [12] . Those results show here that the complex values 
L'(A/K, p, 1) do not vanish, where p a ring class character of G[p°°] of sufficiently 
large conductor. In particular, one would need a strengthening of their result to 
include twists by characters of the cyclotomic Galois group V = Gal(K (ppov) / K) . 

7. Further deductions 

Relation to the cyclotomic setting. Let us return to the setup of the begin- 
ning. Hence, we fix p a rational prime, F a totally real number field, p a prime 
above p in F, and K a totally imaginary quadratic extension of F. Let K cyc denote 
the cyclotomic Z p -extension of K, with Galois group L = Gal(K cyc /K). Hence, T 
is topologically isomorphic to Z p . The reader should note that we have changed 
notation from the previous section here. Let denote the compositum K V coK cyc 
of the dihedral Z^-extension K p oc with the cyclotomic Z p -extension K cyc of K. Let 
denote the Galois group GdXiK^ / K ), which is topologically isomorphic to Z p +1 ■ 
Recall that we fix a principally polarized abelian variety A defined over F having 
good ordinary reduction at each prime above p in K . Recall as well that we write 
T)(A/K) to denote the quantity 

\m(A/K)(p)\-u vlp \A(^)(p)\ 2 

\A(K)(p)\ 2 -UM P 

Here, all of the notations are the same as those given in the introduction. We begin 
with the following standard result. 

Theorem 7.1. Let A be a principally polarized abelian variety defined over F 
having good ordinary reduction at each prime above p in K (i) If the p°° -Selmer 
group Sel(A/if cyc ) is A(T)-cotorsion, then the T-Euler characteristic is well defined, 
and given by the formula x(T, Se\(A/ K cyc )) = rj{A/K). (ii) If the p 00 -Selmer group 
Se\(A/ Koo) is A(O) -cotorsion, then the Q-Euler characteristic is well defined, and 
given by the formula x(f2, Sel(A/ifoo)) = rj(A/K). In particular, if conditions (i) 
and (ii) are satisfied, then we have that 

(41) X (Q, SeKA/JToo)) = X (r, Se\(A/K cyc )) = r](A/K). 

Proof. The result follows from a straightforward generalization of the standard 
calculations given for elliptic curves. For (i), see the calculation of Coates-Sujatha 
[8] or Greenberg [M]. For (ii), see the arguments of Coates [6], Coates-Sujatha- 
Schneider [S], Hachimori-Venjakob [T3], or Zerbes ■ The reader should note 
that all of the crucial ingredients carry over to the setting of principally polarized 
abelian varieties, namely: the Cassels-Poitou-Tate exact sequence (see (j33l above), 
the theorem of Imai [2 1 j on torsion points in cyclotomic towers (cf. also [46[ Lemma 
3.10]), and the theory of Coates-Greenberg [7J on abelian varieties in deeply ramified 
extensions. □ 
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This result gives us the following relations to dihedral Euler characteristics. 

Proposition 7.2. Let A be a principally polarized abelian variety defined over 
F having good ordinary reduction at each prime above p in K . Assume that 
the p°° -Selmer group Sel(^4/-RT cyc ) is A(T)- cotorsion, and moreover that the p°°- 
Selmer group Sel(A/ Koo) is A(O) -cotorsion, in which case the Q-Euler character- 
istic x(^i Sel(A/ Koo)) is well defined and given by the formula(e) 

xi^SdiA/K^)) = x (T,Se\(A/K c y c )) = V (A/K). 

Then, the G-Euler characteristic x(G,Sel(A/ K p ^)) is well defined, and given by 
the formula x(G, Sel(A/ K p <*>)) = 1. 

Proof. We argue that there is a short exact sequence of discrete f2-modules 

(42) — -> Sc\(A/K p ~) — ► Sd(A/Koo) — -> Scl(yl//^ cyc ) — > 0. 

Granted (p4"2"j) , taking the associated long exact sequence of ri-cohomology and using 
additivity, we then obtain the formal identification(s) 

xi^SdiA/K^)) = x (f},Sel(A/A>)) x (fi,Sel(A/iT yc )) 
= X (G, Sel(A/K p oo))x(T, Sel(A/K cyc )). 

Granted the hypotheses of Theorem l7.1[ the il-Euler characteristic x(fi, Se\(A/ Koo)) 
is well defined and given by the formula (|4Tj). In particular, follows that the G-Eulcr 
characteristic %(G, Sel(A/K 9 *>)) is well defined, with x(G, Se\(A/K p ^)) = 1. □ 

Corollary 7.3. Assume that the p°° -Selmer group Se\(A/ K cyc ) is A(r)- cotorsion, 
and moreover that the p°° -Selmer group Sel(A/ K^) is A(f2)- cotorsion, in which 
case the Q,-Euler characteristic x(^,^el(A/ K^)) is well defined and given by the 
formula(e) 

xi^SeKA/K^)) = x (r,Sc\(A/K c n) = v(A/K). 

Assume additionally that the p°° -Selmer group Sel(A/ ' K p ^) is A(G)- cotorsion. Then, 
the G-Euler characteristic x(G,Sel(A/ K p °o)) is well defined, and given by the for- 
mulae) 

(43) X (G, Se\(A/K p ~)) = ]J \c v \ p = '^ffff ■ II \M^){ P )\ 2 = l- 

Thus, when the fl-Euler characteristic x(^? Se\(A/ Koc)) is well defined, the cardi- 
nality of the p-primary part of the Tate-Shafarevich group HL(A/ K)(p) is given by 
the formula(e) 

(44) \m { A,K ){p )\ = UM P -JA(K)( Pr = \AjKMl 

I\ vlp \M^)(p)\ 2 U v{p \M^)(pW 

In particular, \UI(A/K)(p)\ is finite. 

Proof. We have by Proposition 17.11 (ii) that the J7-Euler characteristic is well de- 
fined, and given by the formula (|41 1) . On the other hand, we know by the calculation 
shown for Theorem 15.141 that the G-Euler characteristic is well defined, and given 
by the formula X (G,Se\(A/ K p ~)) = ]J V \c v \ p ■ r)(A/K). The results then follow 
from the implied relation ]J V \c v \ p ■ r)(A/K) = 1. □ 
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Thus, in the setting where F = Q with K an imaginary quadratic field and A 
is taken to be an elliptic curve defined over Q having good ordinary reduction at 
each prime above p in K, we obtain the following unconditional results via parts 
of the two variable main conjecture shown by Skinner- Urban in [42, Theorem 3] or 
the author in [46j Theorem 3.8]. 

Theorem 7.4. Let A be an elliptic curve defined over Q having good ordinary re- 
duction at each prime above p in K , in which case the p°° -Selmer group Sel(A/ Koo) 
is A(£l)-cotorsion, with well defined Cl-Euler characteristic x(^i Sel(.A/-K 0o )) given 
by the formula(e) x(A Se^A/K^)) = x(T, Sel(A/K c y c )) = r)(A/K). Then, the G- 
Euler characteristic x(G, Se\{A/ Kpoo)) is well defined, and given by the formula(e) 

X (G, Sel(A/K p ~)) = J] \c v \ p = . J] \A(k v )( p )\ 2 = 1. 

Thus, when the fl-Euler characteristic x(^> Se\(A/ Koc)) is well defined, the cardi- 
nality of the p-primary part of the Tate-Shafarevich group UI(A/ K)(p) is given by 
the formula(e) 

mA/Km = UM Pi \A(K)( P r = 

n„i P i^(^)(p)i 2 u v{p \m^)( P )\ 2 

In particular, \UI(A/ K)(p)\ is finite. 

Corollary 7.5. Assume in addition (for simplicity) thatp > 11. Then, the G-Euler 
characteristic x(G, Scl(A/ Kp<x)) is well defined, and given by the formula(e) 

X (G, Sel(A/K p ~)) = J] \c v \ p = '^ff 1 • II \A{^){P)\ 2 = 1- 

Moreover, the Q-Euler characteristic x(^j Se\(A/ K^)) is well defined, and hence 
cardinality of UI(A/ ' K){p) is given by the formula(e) 

mA/Km = T\M Pi \A { K ){ p)\* = \A(K)(p)r 

rui^Mwi 2 n„i P i^,)(p)i 2 

In particular, \UI(A/ K)(p)\ is finite. 

Proof. Granted the result of Theorem 17.41 it suffices to check that the Euler char- 
acteristics are well defined. Here, we use the two-variable main conjecture implied 
by Skinner- Urban [531 Theorem 3], that 

char(Sel(A/ii: oo ) v ) = L f 

as ideals in the Iwasawa algebra A(J7), where char(Sel(A/i ; ir oo ) v ) denotes the A(f2)- 
characteristic power series of the Pontryagin dual of Sc^A/Koo), and Lf denotes 
the two- variable p-adic L-function in A(G). Taking restriction to the dihedral (or 
anticyclotomic) variable, we obtain that 

char(Sel(yl//i: p oo) v ) = L d } 

as ideals in the Iwasawa algebra A(G), where char(Sel(A/LT p oc ) v ) denotes the A(G)- 
characteristic power series of the Pontryagin dual of Se\(A/K p °a ), and Lf the image 
of Lf in A(G). Since the dihedral p-adic L-function must interpolate the Hasse-Weil 
L-values L(A/K, p, 1) with p any finite order character of G, we can deduce from the 
nonvanishing theorem of Vatsal 147^ (or more generally the nonvanishing theorem 
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of Cornut-Vatsal [12] in the definite case) that L'j is not identically zero. Hence, the 
G-Euler characteristic x{G, Sel(A/K p oo)) is well defined. By a similar argument, 
taking restriction to the cyclotomic variable, we obtain from Skinner-Urban (with 
the theorems of Kato [23] and Rohrlich [37]) that 

char(Sel(A/X cyc ) v ) = L) 

as ideals in the Iwasawa algebra A(T), where cha.r(Se\(A/ K cyc ) v ) denotes the A(T)- 
characteristic power series of the Pontryagin dual of Se\(A/ K cyc ), and L c j the image 
of Lf in A(r). Since the cyclotomic p-adic L-function must interpolate the Hasse- 
Weil L-values L(A/K, ip, 1) with ip any finite order character of T, we deduce from 
the nonvanishing theorem of Rohrlich [37] that L c j is not identically zero. Hence, 
the T-Euler characteristic x(I\ Se\(A/ K cyc )) is well defined. We can then deduce 
from the relation (HIT) that the fi-Euler characteristic x(^i Sel(A/ Koo)) is also well 
defined. □ 

We also obtain the following unconditional result in the indefinite setting where 
the Heegner hypothesis holds (and hence the root number of the associated Hasse- 
Weil L-function L(A/K, s) equals —1). 

Theorem 7.6. Keep the setup and hypotheses of Theorem \6.5\ above. Then, the 
G-Euler characteristic x(G, Se\{A/ K p ^)) is well defined and equal to 1. Moreover, 

X {G,$e\{A/K p ~)) = x(G,Sel(A/iC p o=) cotors ) 

= |e(&- log p (7))" 1 [) oo (S oo ,J oo )(0)|p 1 

= | char(© oo /i5 co )(0) • char(© co /^ oc )*(0) ■ e(K • log p ( 7 ))- 1 ^(0)|; 1 
= 1. 

We suspect that the same formulae as those given in Corollary 17.31 and Theo- 
rem 17.41 should also hold in this setting, meaning that in both cases the G-Eulcr 
characteristic x(G, Se\(A/ K p ov)) is well defined and given by the formula (l43l) . 
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